ABSTRACT Type II Z 4 -codes are introduced as self-dual codes over the integers modulo 4 containing the all-one vector and with euclidean weights multiple of 8: Their weight enumerators are characterized by means of invariant theory. A notion of extremality for the euclidean weight is introduced. Their binary images under the Gray map are formally self-dual with even weights. Extended quadratic residue Z 4 -codes are the main example of this family of codes. They are obtained by Hensel lifting of the classical binary quadratic residue codes. Their binary images have good parameters. With every type II Z 4 -code is associated via construction A modulo 4 an even unimodular lattice (type II lattice). In dimension 32, we construct two unimodular lattices of norm 4 with an automorphism of order 31. One of them is the Barnes-Wall lattice BW32.
I. Introduction
The conditions satis ed by the weight enumerator of self-dual codes, de ned over the ring of integers modulo four, have been studied by Klemm 1] , then by Conway where n i (a) is the number of components of a that are congruent to i modulo 4. Since a monomial transformation may change the sign of a component, the appropriate weight enumerator for an equivalence class of codes is the symmetrized weight enumerator (or s.w.e.)
given by swe C (W; X; Y ) = cwe C (W; X; Y; X) :
The MacWilliams identity over Z The binary image (C) of a Z 4 -linear code C under the Gray map need not be Z 2 -linear, so that the dual code may not even be de ned. We de ne the Z 4 -dual of (C) to be the code The complete weight enumerator of the code is left invariant by the matrix group G, of size 768, generated by M 1 ; M 2 ; M 3 with M 1 = 1 2 2 6 6 6 6 6 6 6 6 6 6 6 6 6 4 ; M 2 = 2 6 6 6 6 6 6 6 6 6 6 6 6 6 4 ; where w is a 8 th root of unity.
Remark 1 All the cwe of the codes we have considered in this paper belong to the algebra S 16 S: In degre 32, the dimension of this algebra is 15 and the dimension of the invariant algebra is 16. The algebra generated by the cwe of the type II codes is included into the invariant algebra, but we don't know if we have equality. Remark 5 This construction limits the minimum norm of the lattice to four. To construct lattices with minimum norm greater than four we should consider codes over Z 2 a (a > 2).
The metric generally used in lattice theory is the euclidean metric. The theta series of (C)=2
can be found by replacing W; X; Y by f 0 = P x24Z q x 2 =4 ; f 1 = P x24Z +1 q x 2 =4 ; f 2 = P x24Z +2 q x 2 =4 in the symmetrized Lee weight enumerator of the Z 4 -code C.
Theorem 12 Let C be a self-dual code over Z 4 such that all Euclidean weights in C are divisible by 8. Then (C)=2 is an even unimodular lattice.
Proof. See 6] . ( 
